Hans Walser, [20170711]
Sphere and cylinder

1 The original problem
In (Richeson 2017, p 23) I found:

“Just noticed that the ratio of the volume of a sphere to the volume of the
cylinder containing it is 2:3.

Likewise, the surface area. Eureka!”
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Fir. 1: Sphere and cylinder

2 In other dimensions

The mentioned statement holds similar in other dimensions.
We use the following notations:

Vs = Volume of the sphere in the n-dimensional space
Sy.s = Surface of the sphere in the n-dimensional space
V¢ = Volume of the cylinder in the n-dimensional space

Sn.c = Surface of the cylinder in the n-dimensional space
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Examples:
n Vs Vi Ratio Sn.s e Ratio
2 2 472 n:4 20 8r 4
3 %m’3 2mr3 2:3 42 612 2:3
4| a2t | St |36 | 2223 | 2w | 3n:16
5| S | 225 | sus | Saht | sp24 | sus
6 | tar® | 18a%° | sp30 | 35 | Ea’ | 53
7 %n3r7 %n3r7 16:35 %n3r6 %n3r6 16:35

Tab. 1: Examples

In every dimension there is the same ratio. In even dimensions the ratio is irrational.

3 General case

Notation:
Vas (r)=ar” (1)
Hence we get:
Sn,S(r):%Vn,S(r):nanrn_l (2)
And for the volume of the cylinder:
Vae (r)=2rV, g 5 (r) = 2ra, "™ = 2a, " 3)

For the surface of the cylinder we get:

Sn,C (r) = 2Vn—1,S (r)+ 2rSn—1,S (r) = 2an—1rn_l + 2r(” - 1)Cln—1rn_2 = 2nan—1rn_l 4
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Remark:
Snc(r)=2v, c(r)

The volumes of the sphere and the cylinder have the ratio:

Vv,

For the surfaces we get the ratio:

Sns(r):Sy.c(r)=nayr"™" :2na, "' = 4, :2a,

ws(r): Vac(r)=aur" 2a, " =a, :2a,_,

From (6) and (7) we see that the ratios are equal in any dimension.

4 Explicit formulas
According to [1] we have:

k _ 2k\(4m)*
T D2k T g
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Dk =
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From (6) and (8) we get:
In even dimensions n = 2k we have:

ratio = m(2k—1)!1: 25 k1

! denotes the double faktorial, defined for odd integers 2k —1 by:

(2k-1)11=1-3-5----. (2k—1):ﬁ(2i—1)

In odd dimensions n=2k+1 we get:

ratio = k125 :(2k+1)!!
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