Modul 109 Integrationstechniken



Integrationstechniken

e Partielle Integration
e Integration durch Substitution

e Partialbruchzerlegung



[ (sin(x))* dx =2

Partielle Integration



Produktregel

(wv) =u'v+uw



Produktregel
(wv) =u'v+uw

u'v=_(uv) —uw’



Produktregel
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Produktregel
(wv) =u'v+uw

u'v=_(uv) —uw’

Ju'v dx = J-(uv), d)f— Juv’ dx

A4

=uv



Produktregel
(wv) =u'v+uw

u'v=_(uv) —u’

Ju'v dx = J(uv), d)f_ J-uv’ dx

Vv

=uy

J.u'v dx =uv— juv' dx
b p b

J.u’v dx =uv| - J.uv' dx

a a q




Produktregel
(wv) =u'v+uw

u'v=_(uv) —u’

Ju'v dx = J.(uv), d)f— Juv’ dx

Vv

=uy

J.u'v dx =uv— J.uv’ dx
b p b

J.u’v dx =uv| - J.uv’ dx

a

Teufel durch Beelzebub ausgetrieben?| ¢




Beispiel

J.xex dx =7
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Beispiel

J.xex dx =7

Ju'v dx =uv— Juv' dx
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Beispiel
Motivation :
vi=x"=1

Jxex dx =7

Ju'v dx =uv— J.uv’ dx

/

jxex dx
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Beispiel
Motivation :
vi=x"=1

Jxex dx =7

Ju'v dx =uv— J.uv’ dx

J

jxex dx
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Beispiel
Motivation :
vi=x"=1

Jxex dx =7

Ju'v dx =uv— J.uv’ dx

J

Jxexdxzxex—J.ex-ldx
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Beispiel
Motivation :
vi=x"=1

Jxex dx =7

Ju'v dx =uv— Juv’ dx

J

Jxexdxzxex—jex-ldx

Vv

€x+C1
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Beispiel
Motivation :
vi=x"=1

Jxex dx =7

Ju'v dx =uv— J.uv’ dx

J

Jxexdxzxex—jex-ldx

Vv

€X+C1

Jxexdx:xex—ex+C
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jxex dx=xe* —e*+C

Kontrolle girch Ableiten :

(xex —et + C)
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jxex dx=xe* —e*+C

Kontrolle girch Ableiten :

’

(xex—ex—I—C) =1l-e*+xe* —e*+0
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jxex dx=xe* —e*+C

Kontrolle

(xex—ex—I—C) =1l-e*+xe* —e*+0=1xe"

O.K.

19



Kurzschreibweise:

Tl
Ju'v dx= uv —Juv'dx
——
beide
"oben"
L

Jxexdxzxex—Jex-ldx

T "muss integriert werden"

! "muss abgeleitet werden"
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[ (sin(x))* dx=2

Produkt von zwei Funktionen?
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[ (sin(x))* dx=2

Produkt von zwei Funktionen?

Jsin(x)sin(x) dx
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J(sin(x))z dx

T

/\. /\
\

J”sin(x) rsin(xj dx

?
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[ (sin(x))” dx=2

T

/\. /\

N/

J”sin(x)sin

(

xj dx = —cos(x)sin(x)— j(—cos(x))cos(x) dx

24



[ (sin(x))* dx=2

T

/\ /\.
NN/

J”sin(x)sin(xj dx = —cos(x)sin(x)— j(—cos(x))cos(x) dx

J‘(sin(x))2 dx = —cos(x)sin(x)+ J‘(cos(x))2 dx

|



[ (sin(x))* dx = —cos(x)sin(x) + [ (cos(x))* dx

Wo die Not groB ist, ist Rettung nahe.
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[ (sin(x))* dx = —cos(x)sin(x) + [ (cos(x))” dx

Vv

1—(sin(x))2

Wo die Not groB ist, ist Rettung nahe.
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J(sin(x))z dx = —cos(x)sin(x)+ J‘(cos(x))zj dx

[ (sin(x))” dx

Vv

1—(sin(x))2

—cos(x)sin(x)+ Jl dx — J(sin(x))Z dx
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J(sin(x))z dx = —cos(x)sin(x)+ J‘(cos(x))zj dx

[ (sin(x))” dx

Vv

1—(sin(x))2

—cos(x)sin(x)+ 'Ll,d_x, — J(sin(x))2 dx
x+C
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[ (sin(x))* dx = —cos(x)sin(x) + [ (cos(x))” dx

[ (sin(x))*

Vv

1—(sin(x))2

—cos(x)sin(x)+ 'Ll,d_x, — J(sin(x))z dx
x+C
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J(sin(x))z dx = —cos(x)sin(x)+ J‘(cos(x))zj dx

Vv

1—(sin(x))2

J(sin(x))z dx = —cos(x)sin(x)+ led)f — J(sin(x))Z dx

x+C nach links
verfrachten
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J(sin(x))z dx = —cos(x)sin(x)+ J‘(cos(x))zj dx

Vv

1—(sin(x))2

J(sin(x))z dx = —cos(x)sin(x)+ led)f — J(sin(x))Z dx

x+C nach links
verfrachten

2_'.(sin(x))2 dx = —cos(x)sin(x)+x+ Cj
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[ (sin(x))* dx = —cos(x)sin(x) + [ (cos(x))” dx

Vv

1—(sin(x))2

J(sin(x))z dx = —cos(x)sin(x)+ J‘lvdyf — J(sin(x))z dx

x+C nach links
verfrachten

2_’.(sin(x))2 dx = —cos(x)sin(x)+x+ Cj .!




j(sin(x))z dx =

Kontrolle durch Ableiten:

_1
> COS

(x)sin(x)+

|

2

x+C
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(

|
2

j(sin(x))z dx =

Kontrolle durch Ableiten:

’

—Lcos(x)sin(x)+ 3 x+ C) -

2

_1
> COS

(x)sin(x)+

|

2

x+C
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j(sin(x))z dx = —%cos(x)sin(x) + %x +C

Kontrolle durch Ableiten:

’

(~Lcos(x)sin(x)+1x+C) =-L(=sin(x))sin(x) - Lcos(x)cos(x) +

1
2 2 2 2 2



j(sin(x))z dx = —%cos(x)sin(x) + %x +C

Kontrolle durch Ableiten:

’

(~Lcos(x)sin(x)+1x+C) =-L(=sin(x))sin(x) - Lcos(x)cos(x) +

1
2 2 2 2 2




j(sin(x))z dx = —%cos(x)sin(x) + %x +C

Kontrolle durch Ableiten:

(~Lcos(x)sin(x)+1x+C) =-L(=sin(x))sin(x) - Lcos(x)cos(x) +

1
2 2 2 2 2

= +%(sin(x))2 - %gcos(x))2 +%

_/

'

1—(sin()c))2

= +l(sin(x))2 -1y l(sin(x))2 +

L
2 22 2



j(sin(x))z dx = —%cos(x)sin(x) + %x +C

Kontrolle durch Ableiten:

(~Lcos(x)sin(x)+1x+C) =-L(=sin(x))sin(x) - Lcos(x)cos(x) +

1
2 2 2 2 2

— +l(sin(x))2 ~ 1y l(sin(x))2 + % = (sin(x))2 O.K.
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Beispiel: Jln(x) dx =7

Produkt von zwei Funktionen?
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Beispiel: Jln(x) dx =7

Produkt von zwei Funktionen?

J.l-ln(x)dx

{

Der Trick mit der Eins:
Kiinstlich eine Funktion
hinein mogeln
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Beispiel: Jln(x) dx =7

~ o
J

l-ln(x)dx

{

Der Trick mit der Eins:
Kiinstlich eine Funktion
hinein mogeln

42



Beispiel: Jln(x) dx =7

2 \J
_[1- In(x)dx=xIn(x)- J‘x% dx
%f_/
ﬁ Jldx:x+Cl

Der Trick mit der Eins:
Kiinstlich eine Funktion
hinein mogeln

43



Beispiel: Jln(x) dx =7

2 d
Jl- ln(x) dx = xln(x)— Jxl dx
Il X
Jldx:x+C1

jln(x) dx=xIn(x)-x+C
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J.ln(x) dx=xIn(x)-x+C

Kontrolle durch Ableiten

(xln(x)— X+ C)’ =1-In(x)+ x% -1+0=In(x) O.K.
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Substitution

Die Schweizer bevorzugen traditionelle Guetzli.
Beim Teig wird immer haufiger zu Fertigprodukten gegriffen.
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Substitution
substituieren = ersetzen

JZtCOS(tz) dt =2
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Substitution
substituieren = ersetzen

JZtcos =7

’\T

2t—
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Substitution
substituieren = ersetzen

J2tcos =7
\ T Substitution:
2t = 0= t2

i—f:Zt = do=2¢dt
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Substitution
substituieren = ersetzen

JZtcos =7
X T Substitution:
2t = 0= 2

r\ C;—f=2t = do=2td
% 2tcos(t) dt = [ cos(p) do
b Jud)ae]
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Substitution
substituieren = ersetzen

JZtcos =7
x T Substitution:
2t = 0= 2

do _ _
d—t_zt = do=2¢dt
j2tcos(t2) dr = jcos(go) do
=sin(p)+ C
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Substitution
substituieren = ersetzen

JZtCOS(tz) dt =72

X T Substitution:

2t = (tz) =1
i—f:zt = do=2¢dt
j2tcos(t2) dr = jcos(go) do
=sin(p)+ C

:sin(t2)+C

52



j2tcos(t2) dt = sin (tz) +C

53



j2tcos(t2) dt = sin (tz) +C

Kontrolle :

(sin(2)+€) = cos(s?) 2

_q

Innere
Ableitung

O.K.

54



3
Bestimmtes Integral j2t cos(tz) dr =7
2
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3
Bestimmtes Integral j2t cos(tz) dr =7
2

Erster LOosungsweg

j2t cos(tz) dr = sin(t2)+ C wie gehabt
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3
Bestimmtes Integral j2t cos(tz) dr =7
2

Erster LOosungsweg
j2t cos(tz) dr = sin(t2 ) +C wie gehabt

Grenzen einsetzen:

T.Zt cos(tz) dr = sin(tz)? =sin(9)—sin(4)
) 2

57



3
Bestimmtes Integral j2t cos(tz) dr =7
2



3
Bestimmtes Integral j2t cos(tz) dr =7
2

Zweiter Losungsweg: Grenzen ebenfalls substituieren
t o=t

= 3 9

2 4



3
Bestimmtes Integral j2t cos(tz) dr =7
2

Zweiter Losungsweg: Grenzen ebenfalls substituieren

t o=t

q):t2 = 3 9

2 4

Lo = dp=2ds



3
Bestimmtes Integral j2t cos(tz) dr =7
2

Zweiter Losungsweg: Grenzen ebenfalls substituieren

t o=t

q):t2 = 3 9

2 4

Lo = dp=2ds

3
I = J.2tcos(t2) dr
2



3
Bestimmtes Integral j2t cos(tz) dr =7
2

Zweiter Losungsweg: Grenzen ebenfalls substituieren

t o=t

q):t2 = 3 9

2 4
do _ _
9o = dp=2ds
3 9
= J.2t cos(tz) dt = Jcos(go) do
2 Substitution 4

einsetzen



3
Bestimmtes Integral j2t cos(tz) dr =7
2

Zweiter Losungsweg: Grenzen ebenfalls substituieren

t o=t

q):t2 = 3 9

2| 4

do _ _

9o = dp=2ds
3 9 9

] = Jztcos(tz)dt = Jcos(go) de = sin(¢@) | =sin(9)—sin(4)
2 Substitution 4 4

cinsetzen 63



Mit Umkehrfunktion

I=J- 1 —x° dx

64



Mit Umkehrfunktion

Izj 1—x? dx

Substitution:

x =cos(¢)
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Mit Umkehrfunktion

Izj 1—x? dx

Substitution:

x =cos(¢)

—

V1-x? = sin(¢@)
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Mit Umkehrfunktion

I = J 1— x2 dx
Substitution:
x=cos(p) =

dx = —sin(¢) do

V1-x? = sin(¢@)
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Mit Umkehrfunktion

[ = j 1—x% dx
Substitution:
x =cos(¢) = V1-x? = sin (@)
dx = —sin(¢) do

I :J 1—x° dx:—J‘(Sin((p))2 do
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Mit Umkehrfunktion

I = j 1—x? dx
Substitution:
x = cos() = m = sin (@)
dx = —sin(¢@) dg
[ = J 1—x% dx= —J‘(sin((p))2 do
Schon gehabt:

[ = —J‘(sin((p))2 do = %cos(go)sin(go) - %(p +C
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[= Jm dx  Substitution: x = cos(¢)

I = %cos((p)sin(q))— %q)+ C

Substitution rtickgdngig machen

I:%cos(go)sin(go)—% ¢ +C
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[= Jm dx  Substitution: x = cos(¢)

I = %cos((p)sin(go)— %q)+ C

Substitution rtickgdngig machen

I:%cos(go)sin(go)—% ¢ +C
X
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[= Jm dx  Substitution: x = cos(¢)

I = %cos((p)sin(go)— %q)+ C

Substitution rtickgdngig machen

I:%\cos(go)sin(goz—% ¢ +C

AN
v V-

X

1—x2
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[= J m dx  Substitution: x = cos(¢)

I = %cos((p)sin((p)— %q0+ C

Substitution rtickgdngig machen

Izé?os(go)sin(q))—% gTo +C

AN
V-

X 1—x2 arccos(x)

A

Umkehrfunktion




[= J m dx  Substitution: x = cos(¢)

I = %cos((p)sin((p)— %q0+ C

Substitution rtickgdngig machen

I:%?os(go)sin(¢2—% gTo +C

J/ \.

s

1—x2 arccos(x)

J.\/l—x2 dx = %X\/l—x2 —%arccos(x)+C
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Berechnung der Kreisflache
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Berechnung der Kreisflache

76



Berechnung der Kreisflache

1
Halbe Kreisfliche = j e x2 dx
—1
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1
Halbe Kreisfliche = j V11— x2 dx
—1

Erster LOsungsweg

J- 1—x% dx=1xy1-x? —larccos(x)+C

2 2
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1
Halbe Kreisfliche = J V11— x2 dx
—1

Erster LOsungsweg

J. 1—x% dx=1xy1-x? —larccos(x)+C

2 2

1 1
J. 1-x° dx:(%xx/l—x2 —%arccos(x)) |
| -1
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1
Halbe Kreisfliche = J V11— x2 dx
—1

Erster LOsungsweg

J. 1—x% dx=1xy1-x? —larccos(x)+C

2 2

! 1
J. 1-x° dx:(%xx/l—x2 —%arccos(x)) |
| -1

— %arccos(l) + %arccos(—l) =

Vv Vo

Wurzel- 0 T
ausdruck
verschwindet
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1
Halbe Kreisfliche = J V11— x2 dx
—1

Erster LOsungsweg

J. 1—x% dx=1xy1-x? —larccos(x)+C

2 2

1 1
J. 1-x° dx:(%xx/l—x2 —larccos(x)) |

2
| -1
1 1 T
— 5 arccos (1) + E?rccos(—lz =5
Wurzel- 0 M
ausdruck
verschwindet

Kreisfliche = it
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1
Halbe Kreisfliche = j 1—x2 dx
—1

Zweiter LOosungsweg

x | ¢ = arccos(x)

x=cos(p) = 1 0
—1 v
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1
Halbe Kreisfliche = j 1—x2 dx
—1

Zweiter LOosungsweg

x | ¢ = arccos(x)

x=cos(p) = 1 0

—1 v
dx =—sin(¢) do
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1
Halbe Kreisfliche = j V11— xz dx
—1

Zweiter LOosungsweg

x | ¢ = arccos(x)
x=cos(p) = 1 0

—1 v
dx =—sin(¢) do

I= j 1—x° dx:—j(sin(go))2 do

—1 T
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1
Halbe Kreisfliche = j 1—x2 dx
—1

Zweiter LOosungsweg

1 0
I= j 1-x° dx=—J(sin(q0))2 do

—1 T
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1
Halbe Kreisfliche = J V11— x2 dx
—1

Zweiter LOosungsweg

1 0
I= j V1-x% dx = —j(sin(q)))2 do
—1 T
Greizen g(sm(@)z v

vertauschen
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1
Halbe Kreisfliche = J V11— x2 dx
—1

Zweiter LOosungsweg

1 0
I= J. 1—x* dx= —j(sin(q)))2 do
—1 T
T
= J‘(sin(go))2 do = (—%cos
Grenzen U
vertauschen

<¢>sin<¢>+5¢)1°=%

Kreisfliche = it

¢

O =3
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x=1In(t) Umkehrfunktion
dx =1 di

89



=1In(#) Umkehrfunktion
dx =1 di

e —1
Je+1dx jt+1f

90



Wie weiter?

91



92



Wer sieht das schon!
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t+1
2 1 2t—(t+1) "
t+1 ot (e+l)r 8
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=1 l dr

t+1 ¢t

1 2t=(t+1) _pq g
t (1)t ot
=1 14, j (L_l
t+1 d t+1 ¢

95



r+1
2 1
+1 ¢t
_[t=1
I_. r+1
_ (2
I_. r+1
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I=21n(ex+1)—ln(ex)+C=21n(ex+1)—x+C
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I=2ln(ex+1)—ln(ex)+C=2ln(ex+1)—x+C

e =1 gy = 2ln(ex +1)—x+C

e’ +1
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Partialbruchzerlegung

2t—(t+1) 5

(t+1)r 141t

Wie kommen wir auf so etwas?

100



J 3x* =207 +6x% +116x-105 4. _ 9
x> —8x+15

Integrand eine rationale Funktion

101



.[3x4—20x3+6x2+116x—105(ixzzq
x> —8x+15

3x*—20x°+6x%+116x—105

5 Vereinfachen?
x“—8x+15

102



CAS

> 1:=(3*xM-20%xXA34+6% XA 2+1 16%x-105)/(x2-
8*xX+15);
Lﬁ_3ﬁ4—20I3+6r3+H6x—405

x2—8x+15
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CAS

> 1:=(3*xM-20%xXA34+6% XA 2+1 16%x-105)/(x2-
8*xX+15);
fim 3x4=20x+6x%+ 116 x—105

x2—8x+15

> t:=simplity(1);
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CAS

> 1:=(3*xM-20%xXA34+6% XA 2+1 16%x-105)/(x2-
8*xX+15);
Lﬁ_3j4—20x3+6rL+H6x—405

x2—8x+15

> t:=simplity(1);
f=3x+4x-7

Lisst sich offenbar ,,ausdividieren®.
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Erinnerung 3452 : 12 =
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Erinnerung 3452 : 12 =

107



Erinnerung 3452 « 12 = 2
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Erinnerung 3452 « 12 = 2
-24
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Erinnerung 3452 « 12 = 2
-24
10
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Erinnerung 3452 « 12 = 2
-24
105
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Erinnerung 3452 :« 12 = 28
-24
105

112



Erinnerung 3452 : 12 = 28
-24
105
-96
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Erinnerung 3452 : 12 = 28
-24
105
-96
9
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Erinnerung

3452
-24
105
-96
92

12

28
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Erinnerung

3452
-24
105
-96
92

12

287
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Erinnerung

3452
-24
105
-96
92
-84

12

287
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Erinnerung 3452 : 12 = 287
-24
105
-96
92
-84
8
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o
Erinnerung 3452 : 12

-24
105
-96

02
-84
g

287
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o
Erinnerung 3452 : 12

~24
105
~96
92
-84
80

287.
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Erinnerung 3;152I : 12 = 287.6
-24

105

-96

92

-84

8,0
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Erinnerung 3452 : 12 = 287.6
_24

105

~96

92

-84

80

~72
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Erinnerung 3;152I : 12 = 287.6
-24

105

-96

92

-84

8,0

-72

8
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Erinnerung 3;152I : 12 = 287.6
-24

105

-96

92

-84

8,0

-72

80
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Erinnerung 3;152' : 12 = 287.66
_24

105

~96

92

-84

80

~72

80
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Erinnerung 3;152' : 12 = 287.66
_24

105

~96

92

-84

80

~72

80

~72
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Erinnerung 3;152' : 12 = 287.66
_24
105
~96
92
-84
80

~72

80

~72

8
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Erinnerung 3;152' : 12 = 287.66
_24
105
~96
92
-84
80
~72
80
~72
80
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o
Erinnerung 3452 : 12 = 287.666

_i?)S und so weiter und so fort
-96 Periodischer Dezimalbruch
02
-84
80
-72
80
-72

80
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(3x*-20x3+ 6x°+116x-105): (x*-8x+15)
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(3x*-20x3+ 6x°+116x-105): (x*-8x+15)
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(3x*-20x°+ 6x°+116x-105) : (x*°-8x+15)=3x?
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(3x*-20x°+ 6x°+116x-105) : (x*°-8x+15)=3x?

- 34 2
3x°-24x°+45x ,,Zurtickrechnen®
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(3x*-20x°+ 6x°+116x-105) : (x*°-8x+15)=3x?
-3x*+24x3-45x%?

Vorzeichen andern

134



(3x*-20x°+ 6x°+116x-105) : (x*°-8x+15)=3x?
-3x*+24x3-45x?

4 x3-39 x?

Vorzeichen andern
und addieren
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(3x*-20x°+ 6x°+116x-105) : (x*°-8x+15)=3x?
-3x*+24x3-45x?
4x3-39x°+116x

s

Naichste Stelle herunternehmen

136



(3x*-20x°+ 6x°+116x-105): (x°-8x+15)=3x*+4x
-3x*+24x3-45x?
4x3-39x°+116x
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(3x*-20x°+ 6x°+116x-105): (x°-8x+15)=3x*+4x
-3x*+24x3-45x?

4x3-39x°+116x

4x3-32x*+ 60x

138



(3x*-20x°+ 6x°+116x-105): (x°-8x+15)=3x*+4x
-3x*+24x3-45x?
4x3-39x°+116x
-4x3+32x%*- 60x
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(3x*-20x°+ 6x°+116x-105): (x°-8x+15)=3x*+4x
-3x*+24x3-45x?
4x3-39x°+116x
-4x3+32x%*- 60x
-7x°+ 56x
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(3x*-20x°+ 6x°+116x-105): (x°-8x+15)=3x*+4x
-3x*+24x3-45x?
4x3-39x°+116x
-4x3+32x%*- 60x
-7x*°+ 56x-105

141



(3x*-20x3+ 6x°+116x-105): (x*°-8x+15)=3x°+4x-7
-3x*+24x3-45x?
4x3-39x°+116x
-4x3+32x%*- 60x
-7x*°+ 56x-105
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(3x*-20x3+ 6x°+116x-105): (x*°-8x+15)=3x°+4x-7
-3x*+24x3-45x?
4x3-39x°+116x
-4x3+32x%*- 60x
-7x*°+ 56x-105
-7x°+ 56x-105
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(3x*-20x3+ 6x°+116x-105): (x*°-8x+15)=3x°+4x-7
-3x*+24x3-45x?
4x3-39x°+116x
-4x3+32x%*- 60x
-7x*°+ 56x-105
+7x°- 56x+105
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(3x*-20x3+ 6x°+116x-105): (x*°-8x+15)=3x°+4x-7
-3x*+24x3-45x?
4x3-39x°+116x
-4x3+32x%*- 60x
-7x*°+ 56x-105
+7x°- 56x+105
0
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Somit;

J'3x4—2()x3+6x2+116x—105 dx
x2—8x+15

= (3% +4x-7) dn

:x3+2x2—7x+C
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Jetzt kommt dann sicher ein Beispiel,
wo es nicht geht.
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Leichte Modifikation des Beispiels

‘ Anderungen ‘

vy

J 3x* =200 +6x" +1201-100 4, — 9
x?—8x+15
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> 1:=(3*xM-20%xA3+67xM2+120%x-100)/(xA2-
8*Fx+15);
‘ﬂ_3ﬁ4—20x3+6x3+lﬂlr—ﬂm

x2—8x+15
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> 1:=(3*xM-20%xA3+67xM2+120%x-100)/(xA2-
8*Fx+15);
fim 3x*=20x+6x%2+ 120 x— 100

x2—8x+15

> f:=simplify(f);
‘ﬁ_3J4—20x3+6x3+1ﬂlr—Hm
| xZ=8x+15
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> 1:=(3*xM-20*xA3+67xM2+120*x-100)/(xA2-
8*Fx+15);
‘ﬁ_354—20x3+6x3+1ﬂlr—ﬂm

x2—8x+15
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> 1:=(3*xM-20*xA3+67xM2+120*x-100)/(xA2-
8*Fx+15);
fim 3x%=20x+6x%2+ 120 x— 100

x2—8x+15

> Int(f, X)=1nt(f, x)+C;

3x4—=20x34+6x2+120x—-100

dx =
x*—8x+15
x3+212—71—gln(1—3)

+%ln(.r—5)+€
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> 1:=(3*xM-20*xA3+67xM2+120*x-100)/(xA2-
8*Fx+15);
fim 3x%=20x+6x%2+ 120 x— 100

x2—8x+15

> Int(f, X)=1nt(f, x)+C;

3x4—=20x34+6x2+120x—-100

- dx =
xc—8x+15
x3+213—?x—gln(1—3)

harmlos

+%ln(.r—5)+€
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> 1:=(3*xM-20*xA3+67xM2+120*x-100)/(xA2-
8*Fx+15);
fim 3x%=20x+6x%2+ 120 x— 100

x2—8x+15

> Int(f, X)=1nt(f, x)+C;

3x4—=20x34+6x2+120x—-100

dx =
x*—8x+15
x3+212—71—gln(1—3)

harmlos

+§ln(.r—5)+lf'
2 Woher kommt das?
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(3x*-20x3+ 6x°+120x-100): (x*-8x+15)=
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(3x*-20x°+ 6x°+120x-100) : (x*°-8x+15)=3x?

156



(3x*-20x°+ 6x°+120x-100) : (x*°-8x+15)=3x?
3x4-24x3+45x7
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(3x*-20x°+ 6x°+120x-100) : (x*°-8x+15)=3x?
-3x*+24x3-45x%?
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(3x*-20x°+ 6x°+120x-100) : (x*°-8x+15)=3x?
-3x*+24x3-45x?
4x3-39x°+120x
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(3x*-20x°+ 6x°+120x-100): (x°-8x+15)=3x*+4x
-3x*+24x3-45x?
4x3-39x°+120x
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(3x*-20x°+ 6x°+120x-100): (x°-8x+15)=3x*+4x
-3x*+24x3-45x?

4x3-39x°+120x

4x3-32x*+ 60x
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(3x*-20x°+ 6x°+120x-100): (x°-8x+15)=3x*+4x
-3x*+24x3-45x?
4x3-39x°+120x
-4x3+32x%*- 60x
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(3x*-20x°+ 6x°+120x-100): (x°-8x+15)=3x*+4x
-3x*+24x3-45x?
4x3-39x°+120x
-4x3+32x%*- 60x
-7x*°+ 60x-100
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(3x*-20x3+ 6x°+120x-100) : (x*°-8x+15)=3x°+4x-7
-3x*+24x3-45x?
4x3-39x°+120x
-4x3+32x%*- 60x
-7x*°+ 60x-100
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(3x*-20x3+ 6x°+120x-100) : (x*°-8x+15)=3x°+4x-7
-3x*+24x3-45x?
4x3-39x°+120x
-4x3+32x%*- 60x
-7x*°+ 60x-100
-7x°+ 56x-105

165



(3x*-20x3+ 6x°+120x-100) : (x*°-8x+15)=3x°+4x-7
-3x*+24x3-45x?
4x3-39x°+120x
-4x3+32x%*- 60x
-7x*°+ 60x-100
+7x°- 56x+105
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(3x*-20x3+ 6x°+120x-100) : (x*°-8x+15)=3x°+4x-7
-3x*+24x3-45x?
4x3-39x°+120x
-4x3+32x%*- 60x
-7x*°+ 60x-100
+7x°- 56x+105
dx+ 5
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4 3 2
3x —20x2+6x +120x-100 _ 3x2 tAx—T+ 24x-|—5
x“—8x+15 x“—8x+15
unverdauter

Rest
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4 3 2
3x" —20x 2+6x +120x-100 _ 3)62 tAx—T+ 24x-|—5
x“—8x+15 x“—8x+15
unverdauter
Rest

J3x4—20x3+6x2+120x—1()0 dx
x2—8x+15

= [3x% d+ [4xde— [7dr+ [ 535 —dy

x“—8x+15

Restproblem 60




> 1:=(3*xM-20*xA3+67xM2+120*x-100)/(xA2-
8*Fx+15);
fim 3x%=20x+6x%2+ 120 x— 100

x2—8x+15

> Int(f, X)=1nt(f, x)+C;

3x4—=20x34+6x2+120x—-100

dx =
x*—8x+15
x3+212—71—gln(1—3)

harmlos

+§ln(.r—5)+lf'
2 Woher kommt das?
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Restproblem: | —**>— dx =7
x“—=8x+15
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Restproblem: | —**>— dx =7
x“—=8x+15

> fi=(4*x+5)/(x2-8%x+13);
fim 4x+35
T x2—-8x+15
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Restproblem: J 24x+5 dx =7
x“—8x+15

> f:=(4*x+5)/(xA2-8*x+15);
_ 4x+35
f Cp—
- x2-8x+15

> Int(f, x)=int(f, x)+C;

4dx+5
s dx =
J;~8x+15

_12_?1[1(;{—3)+%1n(x—5)+{?
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Restproblem: J 24x+5 dx =7
x“—=8x+15

> f:=(4*x+5)/(xA2-8%x+153);
fim 4x+35
7T x2-8x+15

> Int(f, x)=1nt(f, x)+C;

4dx+5
: dx =
Jr~81+15

17 25

—Tlﬂ(,‘{'—;})—F?lﬂ(,‘{'—E)—FC

]

Bemerkung: (x—3)(x—5)=x"—-8x+15
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Restproblem: | —**>— dx =7
x“—=8x+15
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Restproblem: J 24x+5 dx =7
x“—=8x+15

Faktorzerlegung: x> —8x+15= (x=3)(x-5)

Losungen der
quadratischen

Gleichung
xZ—8x+15=0
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Restproblem: | —**>— dx =7
x“—=8x+15

Faktorzerlegung: x> —8x+15= (x=3)(x-5)

4x+5 _ a b

X -8x+15 X=3  x=5
t

‘ Partialbriiche ‘

Ansatz: +
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Restproblem: | —**>— dx =7
x“—=8x+15

Faktorzerlegung: x> —8x+15= (x=3)(x-5)

Ansatz: 24x+5 —_a b
x2—8x+15 X*—3 x5
i -5 b(x-3
Erweitern: 4x+s5  ___alx5) (x—3)

2 gerls  (=3)(=3) " (x=5)(x-3)
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Restproblem: | —**>— dx =7
x“—=8x+15

Faktorzerlegung: x> —8x+15= (x=3)(x-5)

Ansatz: 24x+5 —_a b
x2—8x+15 X*—3 x5
i -5 b(x-3
Erweitern: 4x+s5  ___alx5) (x—3)

2 gerls  (=3)(=3) " (x=5)(x-3)

Ax+5 x(a+b)+(-5a-3b)

Gemeinsamer Nenner: > — .
x“—8x+15 x“—8x+15
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Restproblem: I Ay =7
x“—=8x+15

4x+5 _ x(a+b)+(-5a-3b)
x> —8x+15 x> —8x+15

Gemeinsamer Nenner:
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Restproblem: | —**>— dx =7
x“—=8x+15

4x+5 _ x(a+b)+(-5a-3b)
x> —8x+15 x> —8x+15

Gemeinsamer Nenner:

Vergleich der Zihler:  4x+5=x(a+b)+(-5a—3b)
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Restproblem: | —**>— dx =7
x“—=8x+15

4x+5 _ x(a+b)+(-5a-3b)
x> —8x+15 x> —8x+15

Gemeinsamer Nenner:

Vergleich der Zihler:  4x+5=x(a+b)+(-5a—3b)

Koeffizient von x : 4 = a+b

Koeffizient von xO . 5= —5a-3b

182



Restproblem:

Gemeinsamer Nenner:

Vergleich der Zahler:

Koeffizient von x :

Koeffizient von xO .

Gleichungssystem:

4x+5 .
5 dx =7
x“—8x+15

4x+5 _ x(a+b)+(-5a-3b)

x2—8x+15 - x2—8x+15

4x+5=x(a+b)+(-5a—3b)

4 = a+b
5 —

4=a+b
5=-5a-3b

—5a-3b
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Restproblem: I Ay =7
x“—=8x+15

4x+5 _ x(a+b)+(-5a-3b)
x> —8x+15 x> —8x+15

Gemeinsamer Nenner:

Vergleich der Zihler:  4x+5=x(a+b)+(-5a—3b)

Koeffizient von x : 4 = a+b

Koeffizient von xO . 5= —5a-3b

4=a+b
Gleichungssystem: — g=-1l. p=2



Restproblem:

Ansatz:

Gleichungssystem:

4 x+5 dx —9

x> —8x+15
4x+5 _ _a n b
x>—8x+15 X—3 x5

4=a+b
—

5=-5a-3b
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Restproblem: I Ay =7

Ansatz:

Gleichungssystem:

Somit;

x“—8x+15

4x+5 _ _a n b
x>—8x+15 X—3 x5
4=a+b

& a=-1,

5=-5a-3b

4x+5 _ 17 1 _|_25 1
x> —8x+15 2 x=3 2 x5
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Restproblem: I 5

Ansatz:

Gleichungssystem:

Somit;

4x+5 dx =

x2—8x+15

4x+5

dx=7?

x“—8x+15

4x+5 _ _a n b
x> —8x+15 X3 x5

4=a+b

= a:—%; b:%
5=-5a-3b
4x+5 _ 17 1 4_25 1
x> —8x+15 2 x=3 2 x5

17 1 dx_FZS 1 dx

2 J x=3 2 J x=5
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4x+5 _ 17 1 25 1
. dr=-17 [Lodr +2 [Lodx
x“—=8x+15 N y e y

4 x+5
x> —8x+15

188



4 x+5 dx:_1771H(|x—3|)+%ln(|x—5|)+c

x> —8x+15

> fr=(4*x+5)/(xA2-8*x+15);
_ 4x+35
f P—
- x2-8x+15

> Int(f, x)=int(f, x)+C;

4dx+5
} dx =
J;“SI+15

17 25

- In(x=3)+ 2 In(x—5)+C

7

]
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Schnellmethode fiir a

4x+5 _a_|_b

(x=3)(x=5) x=3 x5
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Schnellmethode fiir a

(x—43);2_x5—5) - xf3 T x€5 H °(x - 3)
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Schnellmethode fiir a

(x—43);2_x5—5) - xf3 T x€5 H °(x - 3)
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Schnellmethode fiir a

4x+5 ___a b H .(x_3)

|| x = 3 setzen
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Schnellmethode fiir a

-trts | ey

|| x = 3 setzen
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Schnellmethode fiir a

ax+5 _ , b(x=3)
(x=5) 4T x5
12+5 _ Aﬁo
-2 at =
L= 11

|- (x-3)

|| x = 3 setzen
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Schnellmethode fiir b

+255 | (x-3)
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Schnellmethode fiir b

-teds | 69

+ b || x =5 setzen
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Schnellmethode fiir b

4x+5 __ _a b H -(X—S)

|| x =5 setzen

(x—3) - x—3
202+5 :¥+ b
ph=2
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Geindertes Problem: 24x+5 dx =7
x“—8x+16




4 x+5 .
x“—8x+16

Faktorzerlegung: x*—8x+16= (x — 4)(x — 4) = ( — 4)2

4}

Zwei gleiche
Linearfaktoren

4x+5  _ a b ()
= +
xX-8x+16 X4 x=4

Ansatz:



4x+5 .
x“—8x+16

Faktorzerlegung: x> —8x+16= (x — 4)(x — 4) = (x — 4)2

4x+5 _ a n b
x2—8x+16 (x—4)2 x—4

=

quadratischer
Nenner

Anderer Ansatz:




4x+5 _
x°“—8x+

Faktorzerlegung: x> —8x+16= (x — 4)(x — 4) = (x — 4)2

4x+5  ___a
X -8x+16  (x—4) ¥4

Anderer Ansatz:

4x+5  _ __a
X -8x+16  (x—4)*  (x-4)°

Gemeinsame Nenner:



4x+5 _
x°“—8x+

Faktorzerlegung: x> —8x+16= (x — 4)(x — 4) = (x — 4)2

4x+5 __a b
X2 -8x+16  (x—4)F ¥4

Anderer Ansatz:

4x+5  _ __a
X -8x+16  (x—4)*  (x-4)°

Gemeinsame Nenner:

4=p4
Koeffizientenvergleich: = a=21; b=4
5=a-—4b



4x+5 _
x°“—8x+

Faktorzerlegung: x> —8x+16= (x — 4)(x — 4) = (x — 4)2

4x+5 __a b
X2 -8x+16  (x—4)F ¥4

Anderer Ansatz:

4x+5  _ __a
X -8x+16  (x—4)*  (x-4)°

Gemeinsame Nenner:

4=p4
Koeffizientenvergleich: = a=21; b=4
5=a-—4b
Somit: 24x+5
x“—8x+16 X— 4 204




4x+5 _
5 dx=7?
x°“—8x+

4x+5 1 1
dx=21 dx+4 | —dx
x> —8x+16 J'(x—4)2 Jx—4

4x+5 _ —1
o de=21= 41n(jx-4|)+C
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Schnellmethode fiir a

4x+5 _ a n b

K2 -8x+16  (x—4)? x4
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Schnellmethode fiir a

4x+5  _ b 2
x2—§x+16 - (x—a4)2 = ” .(x_ 4)
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Schnellmethode fiir a

4x+5 _ _a b ” -(x—4)2

K2 -8x+16  (x—4)? x4

4x+5=a+b(x—4) || x =4 setzen
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Schnellmethode fiir a

4x+5 _ _a b ” -(x—4)2

K2 -8x+16  (x—4)? x4
4x+5=a+b(x—4) || x =4 setzen

a=21
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Schnellmethode fiir b

4x+5 _ __ a n b
X2 -8x+16  (x—4)* X4
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Schnellmethode fiir b

4x+5 _ a b

Keine Schnellmethode fiir b

Koeffizientenvergleich verwenden

211



Geindertes Problem: 24x+5 dx =7
x“—8x+18
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4x+5 _
5 dx=7?
x“—8x+18

x> —8x+18=0
(-8)°—4-1-18=64—72<0
Keine reelle Losung

Keine Linearfaktoren

213



4x+5 _
5 dx=7?
x“—8x+18

4x+5 | 4x—-16+21
5 dx—J > dx
x“—8x+18 x“—8x+18

Ziel: Oben die Ableitung
des Nenners hinkriegen.
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4 x+5 d.X — 9

2

x"—8x+
4x+5 J4a:16+21dx
2
x~—8x+18 X —8x+18
J 2x 8 +21

X —8x+18
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4x+5 _
5 dx=7?
x“—8x+

4x+5 J4a:16+21dx
2
x~—8x+18 X —8x+18

J (2x-8) +21

X —8x+18

_2j 2x-8 dx+21f dx

X —8x+18 ) X —8x+18
—11 —12
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4ty = 2j 2x-8 dx+le dx

x> —8x+18 X -8x+18 X —8x+18
=1, =1,

Ilz:J 2x=8

x2—8x+18
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4B gy = 2j 208 dx+21j dx

x> —8x+18 X -8x+18 X —8x+18
=1, =1,

Ilz:j 2x=8

x2—8x+18

Substitution: u = x* —8x+18, du=(2x—8)dx
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A gy = 2j 208 dx+21j dx

x2—8x+18 X —8x+18 ) X —8x+18
—11 —12

I :J 2x=8

x2—8x+18

Substitution: u = x* —8x+18, du=(2x—8)dx

I:J 2x—8 J'du: u+C
I x2—8x+18 || I
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A gy = 2j 208 dx+le dx

x2—8x+18 X —8x+18 ) X —8x+18
—11 —12

I :J 2x=8

x2—8x+18

Substitution: u = x* —8x+18, du=(2x—8)dx

I:J 2x—8 J'du: u+C
I x2—8x+18 || I

I = ln(‘xz —8x+ 18‘)+ C
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At gy = 2j 20-8 dx+le dx

x> —8x+18 X —8x+18 X —8x+18

I =[5 —d

x2—8x+18

x2—8x+18:(x2—8x+16)+2=(x—4)2+2

J

Y

4

Quadrat plus Zahl
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4 x+5 dx = 2_[ 2x—8

x2—8x+18

=

dx+le dx
X —8x+18 X —8x+18 ;
_11 _12
S—, [
x~—8x+18

x2—8x+18:(x2—8x+16)+2=(x—4)2+2

=]

1

x~—8x+18

Quadrat plus Eins




-1 1
g

4

Quadrat plus Eins

Erinnerung: %arctan(u) = 21 ,
u”+



L=1] _412 dx
(] #
4

Quadrat plus Eins

Erinnerung: %arctan(u) = 21 ,
U+

1
Ju2+1 du = arctan(u)+ C,

4

Quadrat plus Eins




Substitution:




Substitution:
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Substitution:
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Substitution;
x4 _ 1 4
"SR TR R
du=-L -
u ﬁdx = dx=+/2 du

12=%Ju21+1\/§du= . J K du:%arctan(u)+C2
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Substitution:
x4 _ 1 4
"SR TR
du=-Ldx = dx=+2du
J2

12=%Ju21+1\/§du= . J K du:%arctan(u)+C2

+C2

I, = %arctan(%
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4 x+5
dx=21 + 211
x> —8x+18 I 2

= 21n(‘x —8x+ 18‘)+ —arctan(% +C
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